In this paper, we consider the problem of factorizing the n × n matrix J n of all ones into the n × n binary matrices. We show that under some conditions on the factors, these are isomorphic to a row permutation of a De Bruijn matrix. Moreover, we consider in particular the binary roots of J n , i.e. the binary solutions to A m = J n . On the one hand, we prove that any binary root with minimum rank is isomorphic to a row permutation of a De Bruijn matrix whose row permutation is represented by a block diagonal matrix. On the other hand, we partially solve Hoffman's open problem of characterizing the binary solutions to A 2 = J n by providing a characterization of the binary solutions to A 2 = J n with minimum rank. Finally, we provide a class of roots which are isomorphic to a De Bruijn matrix.
Introduction
In this paper, we consider the problem of factorizing the n × n matrix into the binary matrices. Namely, we restrict ourselves to square n×n factors A i that have all their elements in {0, 1}, i.e. that are adjacency matrices of graphs with n nodes. We are thus looking for the solutions of
and in particular, the case when all the factors are identical, i.e. we investigate the binary solutions to the equation
The g-circulant binary solutions to A m = J n have been studied in [1] . Remind that a matrix is called g-circulant if each row is obtained from the previous one by shifting all its elements of g positions to the right. In particular, they have proved that some g-circulant solutions are isomorphic to a De Bruijn matrix. In the present paper, we show how the binary roots with minimum rank are related to the De Bruijn matrices.
The outline of the paper is as follows: in Section 2 we state some properties on the binary roots of J n and on the De Bruijn matrices, which are well known roots of J n . In Section 3, we study the commuting factors of the matrix with all ones. We prove that under some conditions on the commuting factors, these are isomorphic to a row permutation of a De Bruijn matrix. In Section 4, we prove that any binary root with minimum rank is isomorphic to a row permutation of a De Bruijn matrix, whose row permutation is represented by a block diagonal matrix. In Section 5, we provide a characterization of the binary solutions to A 2 = J n with minimum rank, which partially solves Hoffman's open problem of characterizing any binary solution to A 2 = J n . Finally, in Section 6, we provide a class of roots, not necessarily g-circulant, which are isomorphic to a De Bruijn matrix.
For convenience, the rows and columns of a matrix of dimension n will be indexed from 0 to n − 1 and e i,n (0 ≤ i ≤ n − 1) denotes the n × 1 unit vector with 1 in its i-th position. The vector 1 n denotes the n × 1 vector of all 1's.
The Kronecker product of two matrices A, B is denoted A ⊗ B.
When there is no ambiguity, the square matrix of dimension n with all ones will be denoted J instead of J n .
Any n × n binary matrix A is seen as the adjacency matrix of a graph G with n nodes. One then says that the matrix A represents the graph G.
Any graph is said to be p-regular if it has out and in-degree p.
Matrix roots of J n and De Bruijn matrices
In this section, we prove some properties of the binary roots of the square matrix J n of all ones. Moreover, we remind some properties on the De Bruijn matrices which are a class of solutions to the equation Proof. Clearly, the spectrum of kJ n is given by
The spectrum of any m-th root A must therefore be equal to
but since A is a binary matrix its trace, which is then equal to p, must be a nonnegative integer. Moreover, the elements of A m must be equal to k, which is therefore also a non-negative integer. Since we ruled out k = 0, both p and k must be positive integers. Since p is then the only strictly positive eigenvalue of A, its left and right Perron vectors must again be proportional to 1 n :
which implies that A is p-regular.
The De Bruijn matrices are well known to meet these properties, especially when k = 1.
Definition 2.2. The De Bruijn matrix of order p and dimension n is an
n × n matrix defined as: 
Below we remind some well known properties of the De Bruijn matrices.
Lemma 2.4. The i-th power of the De Bruijn matrix D(p, n) (with
A direct consequence of this lemma is the following.
Corollary 2.5. The De Bruijn matrices
The De Bruijn matrices D(p, n) for which n = p m are thus m-th roots of J n . In the next section, we will show in particular that under a certain condition on the rank of the m-th roots of J n , these are isomorphic to a row permutation of a De Bruijn matrix.
Factorizations into commuting factors
In this section we describe the factorization problem into two commuting factors over the n × n binary matrices:
We assume that the factors A and B represent regular graphs, say with in-and out-degree p for A and in-and out-degree l for B. We then have Theorem 3.2. In the proof, we use the following terminology.
Let P 1 and P 2 be two permutation matrices. Saying the permutations of P 1 are absorbed in P 2 means that we pose P 2 := P 1 P 2 .
The 
Proof. First of all, notice that we can suppose without loss of generality that the entries a 00 and b 00 of A and B respectively both equal 1. Indeed, since BA = J, there exist i, j such that b ij .a ji = 1. Hence, there are permutation matrices P i , P j such that the matricesB = P i BP
and ifÃ (resp.B) is isomorphic to a matrix of the form P D(p, n) (resp. P D(l, n)), then so it is for A (resp. B). Consider therefore that a 00 = b 00 = 1. Since each column of B has l nonzero elements, there exists a row permutation P 2 such that P 2 Be 0,n = 1
T . Therefore, the block A 1 of the first l columns of AP T 2 satisfies
For such matrices there is a row permutation P 1 such that
This implies that pl = n. Furthermore, since a 00 = b 00 = 1 it follows that e T 0,n P 1 = e T 0,n P 2 = e T 0,n . We thus have now
and obviously we also have
It is then straightforward to see that in P 2 BP T 1 all elements (i, j) with 0 ≤ i ≤ l − 1 and j > 0 such that j ≡ 0 mod l are zero. As a consequence, there is a permutation matrix P which permutes the n − l last rows of P 2 BP T 1 in such a way that
Further in P P 2 BP T 1 all the entries (i, j) with l ≤ i ≤ 2l − 1 and j = l such that j ≡ 0 mod l are zero. Repeating this process on the last n − 2l rows of P P 2 BP T 1 and absorbing all row permutations in P 2 we have permutation matrices P 1 , P 2 such that
and for any i ≡ 0 mod l,
in each row and each column. Consequently, there is a permutation matrix P such that
Let us absorb P in P 2 . We thus have
where every block is of size l.
It follows from rank(A) = l = n/p that all blocks in P 1 AP T 2 must be I l . Therefore, we can update P 1 and P 2 so that
Since A and B are commuting factors, we have the same result for B. This concludes the proof. 
It is a solution to
is a solution to A 3 = J 27 with a rank equal to 27/3. However, since rank(A 2 ) = 4 = 3 = rank (D(3, 27) 2 ), A is not isomorphic to D(3, 27).
Theorem 3.2 can be generalized to the case of any number of commuting factors of J n .
Corollary 3.5. Let {A i } i∈I be a finite set of n × n binary matrices, each of them p i -regular such that all their products commute, i.e. for any permuta-
Then, i∈I p i = n. Moreover, for any i ∈ I, rank(A i ) = n/p i if and only if there is a permutation matrix P such that
Proof. First of all, we prove that i≥2 A i is a binary matrix. Indeed, it is clear that all the entries of i≥2 A i are nonnegative integers. Suppose that entry (i, j) of i≥2 A i is greater than one. Then, since A 1 is p 1 -regular, column i of A 1 has at least one nonzero element, say a ki = 1. Therefore, entry (k, j) of A 1 ( i≥2 A i ) is greater than one, which is a contradiction since
We identically show that
Theorem 3.2 completes the proof.
Theorem 3.2 can also be applied to the particular case of the binary roots of J n . We thus have the following result.
Corollary 3.6. Let A be a binary matrix satisfying
A m = J n .
Then A is p-regular. Moreover, rank(A) = n/p if and only if there is a permutation matrix P such that
Proof. From Lemma 2.1, we know that A is p-regular. With the same argument as in the proof of Corollary 3.5, we can show that A m−1 is a binary matrix. Further, since A1 n = p1 n and 1 From the proof of Theorem 3.2, we deduce that even in the case of a m-th root A of J n , rank(A) ≥ n/p. Remark 3.3 shows that the rank of A may be greater than n/p and Remark 3.4 shows that A may be non isomorphic to the De Bruijn matrix even though A has a rank equal to n/p.
Notice that the previous corollary does not provide a full characterization of the roots with minimum rank since not any row permutation of the De Bruijn matrix is a root of J n . In the following section, we complete the result of Corollary 3.6 by showing that P can always be chosen as being a block diagonal matrix.
Roots of J n with minimum rank and De Bruijn matrices
From the proof of Theorem 3.2, we have deduced that any binary solution A to the equation A m = J n (remind that A is then p-regular) has a rank of at least n/p. Moreover, we have shown in the previous section that any binary root with minimum rank is isomorphic to a matrix of the form P D(p, n), where P is a permutation matrix. In this section, we show that P can always be chosen as being a block diagonal matrix.
Lemma 4.1. Let A ∈ {0, 1}
n×n such that A m = J n and A p-regular. If rank(A) = n/p, then A is isomorphic to a matrix of the form
where B is of the form 
with any Q i ∈ {0, 1} (n/p)×(n/p) a permutation matrix.
Proof. From Lemma 2.1, we know that trace(A) = p. So, we can assume without loss of generality that a 00 = 0. Indeed, if it is not the case, since there exists a nonzero diagonal entry (i, i), then there is a permutation matrix P i such that A is isomorphic to
with entry (0, 0) which is nonzero.
Since A is p-regular and since A 2 is a binary matrix (this can be proved with the same argument as in the proof of Corollary 3.5), there is a permutation matrix P such that
With the same argument we can update P such that: 
, by updating P , we see that A is isomorphic to
Since A is p-regular with rank n/p, the rest of the matrix P AP T is made of rows chosen among the first n/p ones. This matrix, isomorphic to A, has p blocks B 1 , ..., B p with n/p rows each. Up to a row permutation, all these blocks are identical. Indeed, if it was not the case, a block B i would have two identical rows. Hence, there would be a column such that in B i , the sum of the elements in that column is greater than 1. However,
Consequently, (P AP T ) m would not be a binary matrix, which is a contradiction.
Therefore, there is a permutation matrix P such that
where any Q i ∈ {0, 1} (n/p)×(n/p) is a permutation matrix.
Theorem 4.2. Let
Proof. We have seen in the previous lemma that A is isomorphic to a matrix 
which can be written as
Of course, not all the matrices of the form P D(p, n) like in the previous theorem are solutions to A m = J n . Indeed, let us have a look at the matrix 
Therefore, the previous result is not a full characterization of the solutions with minimum rank. However, in the next section, we prove that, if m = 2, the previous result is actually a full characterization of the solutions with minimum rank.
A characterization of the binary solutions to A 2 = J n with minimum rank
In 1967, Hoffman [2] was interested in the binary solutions to the equation A 2 = J n . This problem has attracted many attention, although until now there are very few general results. In this section, we provide a characterization of the solutions to A 2 = J n with minimum rank.
The goal of this section is to prove Corollary 5.6. To do so, we need the following definitions.
Let Q be an n × n/p matrix with n = p m . Q is made of n/p p-row blocks C 1 , ..., C n/p . C 1 contains the first p rows of Q, C 2 the p next ones, etc. 
Remind that I n/p denotes the identity matrix of dimension n/p.
Notice that the reduced p-form of Q can be written as Q 
A class of roots of J n isomorphic to a De Bruijn matrix
In [1] , it is proved that some g-circulant binary roots of J n are isomorphic to a De Bruijn matrix. More specifically, the following result is shown. An interpretation of a nice permutation matrix: an n × n matrix A such that n = p m for some integers p and m is made of p n/p-row blocks; the first block contains the first n/p rows of A, etc. In the same way, each of these blocks is made of p n/p 2 -row blocks, and so on until we have 1-row blocks. So, we have a cascading block structure. Multiplying A to the left by a nice permutation matrix performs block permutations inside each set of p blocks with n/p i rows included in a SAME block of n/p i−1 rows. 
Notice that if we take these nice permutation matrices P 1 and P 2 of level 1 and 2 respectively 
The following lemma will be useful to prove that any nice permutation of the De Bruijn matrix D(p, n) is isomorphic to D(p, n) toD(p, n) . Proof. By induction on level i.
-If i = 1, it is clear that P iD (p, n) = P iD (p, n)P T i .
-Multiplying to the right P iD (p, n) by P T i is equivalent to performing nice permutations of level less than i on the rows of P iD (p, n).
Hence, there is a nice permutation matrixP performing only permutations of level less than i such that
Therefore, P iD (p, n)P
T i is a nice permutation of D(p, n). SinceP
T is a product of nice permutation matrices of level less than i, by induction, we know thatP T P iD (p, n)P T i is isomorphic to P iD (p, n)P T i and therefore isomorphic toD(p, n).
As a consequence, since P iD (p, n) =P T P iD (p, n)P T i , P iD (p, n) is isomorphic toD(p, n).
Proposition 6.8. Any nice permutation of the De Bruijn matrix D(p, n) is isomorphic to D(p, n).
Proof. Any nice permutation of D(p, n) can be written as P m ...P 2 P 1 D(p, n), where any P i is a nice permutation matrix of level i.
So, from the previous lemma, it follows that such a matrix is isomorphic to D(p, n). The example in Remark 3.4 shows that not any root of J n with minimum rank is a nice permutation of a De Bruijn matrix.
An open problem
In this paper, we have shown that any mth-root of J n with minimum rank is isomorphic to a row permutation of a De Bruijn matrix, whose row permutation is represented by a block diagonal matrix (see Theorem 4.2). We have also shown that if m = 2, then the opposite is false.
In the future, it would be interesting to have a full characterization of all the binary roots of J n with minimum rank.
